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We present a density functional theory parametrized hybrid k·p tight binding model for electronic
properties of atomically thin films of transition-metal dichalcogenides, 2H-MX2 (M=Mo, W; X=S,
Se). We use this model to analyze intersubband transitions in p- and n-doped 2H−MX2 films and
predict the line shapes of the intersubband excitations, determined by the subband-dependent two-
dimensional electron and hole masses, as well as excitation lifetimes due to emission and absorption
of optical phonons. We find that the intersubband spectra of atomically thin films of the 2H-MX2
family with thicknesses of N = 2 to 7 layers densely cover the infrared spectral range of wavelengths
between 2 and 30 µm. The detailed analysis presented in this paper shows that for thin n-doped
films, the electronic dispersion and spin-valley degeneracy of the lowest-energy subbands oscillate
between odd and even number of layers, which may also offer interesting opportunities for quantum
Hall effect studies in these systems.
I. INTRODUCTION
The 2H-MX2 transition metal dichalcogenide com-
pounds (M=Mo, W; X=S, Se) are layered materials,
where chalcogens and metal atoms form covalent bonds
within two-dimensional (2D) layers with hexagonal lat-
tice structure, and neighboring layers couple weakly
through electrical quadrupole and van der Waals interac-
tions. This feature of chemical bonding makes atomically
thin films of MX2 sufficiently stable for extensive exper-
imental studies aimed at their implementation in various
optoelectronic devices [1–3]. In those recent studies, the
closest attention has been paid to the inter-band opti-
cal properties of the monolayer transition-metal dichalco-
genide (TMD) crystals [4–7], due to their direct band gap
[8], valley-spin coupling [9–11], and long spin and valley
memory of photo-excited carriers [12], spiced up by the
Berry curvature effects for electrons and excitons in these
two-dimensional semiconductors [13, 14]. This is because
in monolayer MoS2,MoSe2,WS2, and WSe2 the valence
and conduction band edges both appear at the Brillouin
zone (BZ) corners K and K ′, where the electronic Bloch
states carry intrinsic angular momentum.
Thicker crystals of 2H-MX2 quickly lose the direct
band gap property upon increasing the film thickness
to two or three layers [15–22]. Density functional the-
ory (DFT) of few-layer transition metal dichalcogenides
predicts [18, 20] that for holes the band edge relocates to
the Γ point, whereas for electrons it appears at six points
situated somewhere near the Q points at the middle of
each ΓK segment (see inset in Fig. 1). This has been
demonstrated by studies of Shubnikov–de Haas oscilla-
tions in n-doped MoS2 [23]. While the indirect character
of few-layer TMD band structures suppresses their inter-
band photo response, the multiplicity of subbands n|N
(1 ≤ n ≤ N) at the conduction and valence band edges of
the N -layer crystal, open a new avenue for optical studies
of atomically thin TMD films.
Here, we analyze theoretically intersubband transitions
FIG. 1. Energy spacings between the first two conduc-
tion (filled symbols, solid lines) and valence (empty symbols,
dashed lines) subbands 1|N and 2|N as a function of num-
ber of layers N of the four TMDs, corresponding to n and
p doping, respectively, for 2 ≤ N ≤ 7. Both axes are in log
scale, showing the approximate quadratic dependence of the
spacings on the number of layers. The left vertical axis shows
the wavelength λ in µm, corresponding to the energy spacings
shown along the right vertical axis in meV. The inset shows
the building block of 2H-MX2 bulk crystals, composed of two
monolayers with metal atoms in the middle and chalcogens in
the outer sublayers of each monolayer, and the Brillouin zone
with the Γ point and Q valleys highlighted, corresponding to
the conduction and valence band edges.
in few-layer MoS2,MoSe2,WS2 and WSe2, and show that
the absorption/emission spectra of the primary transi-
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2tions in p- and n-doped crystals (Fig. 1) densely cover
the infrared (IR) spectrum down to the far-infrared range
(FIR) of photon energies. The analysis of subband
properties of few-layer 2H-MX2 presented in this paper
is based on the hybrid k·p theory tight-binding model
(HkpTB) approach, recently applied to the description of
multilayer films of post-transitional-metal chalcogenides
(such as InSe and GaSe) [24, 25]. This approach consists
of minimal k ·p theory Hamiltonians for 2H-MX2 mono-
layers [26, 27], supplemented by a k · p expansion of the
interlayer hopping near the relevant point (here, Γ or Q)
in the BZ, with all parameters fitted to DFT calculated
few-layer dispersions, and kz dispersions in bulk crystals.
First, in Section II we describe the lattice structure and
discuss symmetries of few-layer 2D crystals of 2H-MX2,
especially the difference between films with odd and even
numbers of layers and the corresponding degeneracies in
their band structures. The DFT-parametrized HkpTB
models for few-layer TMDs are formulated in Sections
III and IV for the valence band edge (holes) near the
Γ point and for conduction band (electrons) near the Q
points, respectively.
In the case of n-doped films, our models predict a
multi-valley subband structure with two valley triads
connected by time-reversal symmetry, each consisting of
three valleys related by C3 rotations. We find that the
lowest-energy subbands alternate between spin-split and
spin-degenerate with number of layers N , consequence of
the σh mirror and full inversion symmetries of films with
odd and even N , respectively. These band structure fea-
tures open a variety of new possibilities for studies of
quantum Hall physics in multi-layer TMD films.
We calculate subband energies, dispersions, and wave
functions of electron/hole subbands in N -layer crystals
of all four 2H-MX2 compounds, and optical oscillator
strengths for radiative intersubband transitions. In par-
ticular, we take into account n- and p-type doping using
a self-consistent analysis of charge and potential distri-
butions across the film. Then, we analyze the inelas-
tic broadening due to optical phonon emission, and the
resulting spectral line shapes of IR/FIR absorption by
p- and n-doped 2H-MX2 films. We find that the inter-
subband relaxation rates, determined by electron-phonon
interactions, are much slower (one to two orders of mag-
nitude) than the intra-subband relaxation in the same
materials [28, 29], and also these are an order of mag-
nitude slower than intersubband relaxation of electrons
and holes in III-V semiconductor quantum wells [30].
Also, in Section III B we show that the difference be-
tween the two-dimensional masses m1|N and m2|N of
electrons and holes in consecutive subbands leads to an
additional temperature-dependent broadening of the in-
tersubband transitions, σ ∼
∣∣∣1− m1|Nm2|N ∣∣∣max{kBT, F },
which appears to be the dominant intrinsic broadening
effect for the IR/FIR absorption by 2H-MX2 films at
room temperature.
FIG. 2. (a) Crystal structure of a bilayer 2H-stacked TMD
(MX2), the building block of multilayer TMDs, viewed from
the side and (b) top. M and X represent the metal and
chalcogen atoms, respectively. (c) Brillouin zones of the two
monolayers in the 2H-stacked bilayer rotated by 180◦ relative
to each other, and schematics of the band dispersions at the
valence band Γ point and conduction band Q point, including
the six symmetry-related Q valleys and spin-orbit splitting.
(d)–(f) DFT band structures of monolayer, bilayer, and tri-
layer WS2, showing the transition from direct-gap (K − K)
monolayer, to indirect-gap (Γ − Q) multilayer semiconduc-
tor. At the Γ point, we label the different valence bands in
the monolayer and the irreducible representations of the D3h
point group [26]. The bilayer and trilayer valence subbands
are further labeled according to the subscript notation n|N ,
where n is the subband number and N the number of lay-
ers. For odd number of layers (N = 1, 3), where spin-orbit
splitting is present, the conduction subbands near the Q point
are colored according to the spin projection quantum number,
with red (blue) corresponding to s =↑ (s =↓), giving a total
of 2N spin-polarized states. Kramer’s doublets are given by
Es(k) = E−s(−k). For N = 2 all bands are spin degenerate,
resulting in N doubly degenerate states, Es(k) = E−s(k).
II. MULTILAYERS OF HEXAGONAL
TRANSITION METAL DICHALCOGENIDES:
OVERVIEW
The lattice structure of monolayer TMDs
MX2 (M = Mo,W; X = S,Se) contains two hexago-
nal sublattices of metal and chalcogen atoms in its unit
cell, as shown in Fig. 2(b). The chalcogens form two
sublayers, one above and one below the metal sublayer,
3forming a trigonal prismatic structure with the metal
atom connected to three chalcogens above and below.
The monolayer point-group symmetry is D3h, consisting
of C3 rotations, σv in-plane mirror reflections, and σh
out-of-plane mirror reflections. The most common bulk
allotrope for these transition-metal dichalcogenides has
2H stacking [31], built by adding subsequent layers ro-
tated by 180◦ with respect to the center of the hexagon,
resulting in a structure where the chalcogen atoms from
one layer are directly above or below metal atoms in
the other layer [see Figs. 2(a) and 2(b)]. The interlayer
distance c2 , with c the out-of-plane lattice constant, is
shown in Fig. 2(a), and Fig. 2(b) shows the in-plane
lattice constant a. The resulting 3D layered crystal has
a bipartite structure with two monolayers in the unit
cell, belonging to the space group P63/mmc.
Multilayer TMDs with an even number of layers be-
long to the point group D3d, which contains spatial inver-
sion (r → −r) but lacks out-of-plane mirror symmetry.
The combination of spatial inversion and time-reversal
symmetry prescribed at zero magnetic field results in a
constraint on the spin splitting of the electronic states
for even number of layers, Es(k) = E−s(k), where s is
the spin projection quantum number, such that all states
throughout the BZ must be spin degenerate. Similarly to
the monolayer case, multilayer films with an odd number
of layers belong to the point group D3h, which contains
the z → −z mirror symmetry σh but lacks spatial inver-
sion symmetry. Therefore, s is a good quantum number
for which spin degeneracy (present in films with even
number of layers) can be lifted by spin-orbit (SO) cou-
pling. While the SO splitting is absent for bands based
on pz and dz2 orbitals at the Γ point, it is substantial
near the Q points, leading to the alternation of subband
properties. That is, the subbands are spin degenerate for
even numbers of layers, resulting in a six-fold degeneracy
of dispersion along the ΓK line. For odd number of lay-
ers, subband spectra are three-fold degenerate, but with
Es(k) = E−s(−k).
In Figs. 2(d)–(f) we show how the DFT calculated
band structure of WS2, representative of all four TMDs,
evolves from monolayer to trilayer [15, 17–22] (DFT band
structures of all four TMDs can be found in Ref. [32]).
The DFT calculations were performed using a plane-wave
basis within the local density approximation (LDA), with
the quantum espresso [33] plane-wave self-consistent
field (PWSCF) ab initio package. We considered the
Perdew-Zunger exchange correlation scheme [34], with
fully-relativistic norm-conserving pseudo-potentials, in-
cluding non-collinear corrections. Pseudopotentials for
Mo, W, S, and Se atoms were generated using atomic
code ld1.x of the PWSCF package [35]. The cutoff en-
ergy in the plane-wave expansion was set to 60 Ry, and
the BZ sampling of electronic states was approximated
using a Monkhorst-Pack uniform k grid of 24 × 24 × 1
for all structures [36]. We adopted a Methfessel-Paxton
smearing [37] of 0.005 Ry and set the total energy conver-
gence to less than 10−6 eV in all calculations. Spin-orbit
coupling was included in all electronic band structure
calculations. To eliminate spurious interactions between
adjacent supercells, a 20−A˚ vacuum buffer space was in-
serted in the out-of-plane direction. We used experimen-
tal values for the interlayer separations [38–41] and LDA
optimized in-plane lattice constants for all four TMDs
[32].
Using WS2 as an example, Fig. 2 illustrates that a
monolayer MX2 has a direct band gap at the K point of
the BZ. The z → −z mirror symmetry and lack of inver-
sion symmetry result in SO-split conduction and valence
bands, classified by their spin projection quantum num-
ber [Fig. 2(d)]. The large SO splitting at the valence
band (VB) K point and conduction band (CB) Q point
results from their metal dxy and dx2−y2 orbital composi-
tions. This is in contrast to the CB K point, which is pri-
marily made of metal dz2 orbitals, resulting in weaker SO
splitting [5, 27]. In a 2H-MX2 bilayer, the combination
of spatial inversion and time reversal symmetry forbids
SO splitting, resulting in two spin-degenerate subbands
(four bands in total) in the CB and VB, split by the in-
terlayer coupling [Fig. 2(e)]. Additionally, the interlayer
coupling shifts the band edges to the Γ point (VB) and
in the vicinity of the Q point (CB), making indirect gap
semiconductors.
In the trilayer 2H-MX2, the valence and conduction
band edges remain at the Γ and near Q points. As shown
in Fig. 2(f), the CB subbands are split by SO coupling at
the Q point due to the lack of spatial inversion symmetry
in the case of odd numbers of layers. The resulting spec-
trum consists of two SO-split subbands in the middle,
and two pairs of nearly spin-degenerate subbands above
and below (see Appendix C for details). For the valence
subbands, however, SO splitting is forbidden exactly at
the Γ point, due to it being its own time reversal coun-
terpart, resulting in three nearly spin degenerate sub-
bands [exact degeneracy for even N , and spin-splitting
Es(k)−E−s(k) ∝ k3 for odd N ]. This trend, which con-
sists of the alternation of SO-split (for odd N) and spin-
degenerate (for even N) subbands persists for TMD films
with a larger number of layers, and all the same features
are present in the spectra of all four 2H-MX2 shown in
Ref. [32]. Finally, we note that the in-plane (2D) carrier
dispersions in different subbands n|N (both on the VB
and CB sides) are different, which affects the intersub-
band absorption line shapes, as we discuss in Secs. III
and IV.
III. HOLE SUBBANDS IN p-DOPED
FEW-LAYER TMDS
Figure 2(d) shows the monolayer valence bands rele-
vant for the multilayer description, based on symmetry
and energy considerations. The v and w valence bands
are non-degenerate at the Γ point, with the v band com-
posed of the metal dz2 orbital and chalcogen pz orbitals,
whereas the w band is composed of metal and chalcogen
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FIG. 3. Bulk dispersion of 2H-stacked WS2 along the ΓA line.
The DFT data (points) are well fitted by the two-band model
Eq. (5) (solid lines). The gray points correspond to the v1
and v3 valence bands. Inset: the first Brillouin zone of bulk
TMDs.
pz orbitals. Bands v1 and v3 belong to two-dimensional
irreducible representations (Irreps), with the v1 band
composed of chalcogen px, py and metal dxz, dyz orbitals,
and the v3-band formed by chalcogen px, py and metal
dxy, dx2−y2 orbitals [5, 26, 27]. In the multilayer case, the
w and v bands strongly repel as the w band gets closer in
energy to the v band. The v1 and v3 bands, on the other
hand, are weakly split with a narrow spread due to their
orbital characters, and are pushed downwards relative to
the v band edge. The two-dimensional Irreps of v1 and
v3 allow their coupling with the VB being only through
SO interactions (see Appendix B). These features involv-
ing the symmetry, orbital composition, and proximity of
the valence bands, supported by our numerical calcula-
tions, indicate that the VB is most strongly hybridized
with the w band, while the other valence bands v1, v3,
provide corrections in second-order perturbation theory
to the model parameters through the action of SO cou-
pling (see Appendix B). Additionally, as pointed out in
Sec. II, in two-dimensional 2H-MX2 crystals the CB and
VB are almost spin degenerate at the Γ point, despite
the fact that atomic SO coupling in TMD compounds
is strong. Therefore, to describe the valence subbands
at the Γ point, we construct a spinless two-band model
including the v and w bands, fitting the band parame-
ters and interlayer hopping terms to the DFT calculated
band structure, where SO coupling is included implicitly.
As indicated in Fig. 2(d), these bands belong to the A′1
and A′′2 Irreps of the D3h group of the Γ point [26, 27],
respectively. Therefore, bands v and w are, respectively,
even and odd under σh transformations, and do not mix
in the monolayer case. However, in multilayers, band
mixing across consecutive layers is allowed by symmetry.
A. HkpTB for the Γ-point valence band edge
The monolayer dispersions of the valence bands σ = v
and w, are described by isotropic parabolic dispersions
with band-dependent effective masses
Eσ(k) = E
0
σ −
~2k2
2mσ
. (1)
To construct the multilayer Hamiltonian, we include
symmetry-constrained interlayer couplings, given to low-
est orders in k by
tσ(k) = t
(0)
σ + t
(2)
σ k
2; tvw(k) = t
(0)
vw + t
(2)
vwk
2, (2)
where tv and tw are interlayer intra-band hopping terms,
and tvw couples different bands in two consecutive layers.
The multilayer Hamiltonian is given by
HˆNΓ(k) =
∑
s=↑,↓
∑
σ=v,w
dN/2e∑
n=1
[
Eσ(k) + 2δσ + 2µσ(k)
][
a†nsσ(k)ansσ(k) + Θ(
N
2
− n)b†nsσ(k)bnsσ(k)
]
−
∑
s=↑,↓
∑
σ=v,w
[
δσ + µσ(k)
] [
a†1sσ(k)a1sσ(k) +
(
1− ϑN
2
)
b†N/2,s,σ(k)bN/2,s,σ(k) +
ϑN
2
a†(N+1)/2,s,σ(k)a(N+1)/2,s,σ(k)
]
+
∑
s=↑,↓
∑
σ=v,w
( dN/2e∑
n=1
tσ(k)Θ(
N
2
− n)
[
a†nsσ(k)bnsσ(k) + H.c.
]
+
dN/2e−1∑
n=1
tσ(k)
[
a†n+1,s,σ(k)bnsσ(k) + H.c.
])
+
∑
s=↑,↓
∑
σ=v,w
dN/2e∑
n=1
tvw(k)Θ(
N
2
− n)
[
a†nsv(k)bnsw(k)− a†nsw(k)bnv(k) + H.c.
]
+
∑
s=↑,↓
∑
σ=v,w
dN/2e−1∑
n=1
tvw(k)
[
a†n+1,s,w(k)bnsv(k)− a†n+1,s,v(k)bnsw(k) + H.c.
]
+
∑
s=↑,↓
∑
σ=v,w
dN/2e∑
n=1
[
U2n−1a
†
nsσ(k)ansσ(k) + U2nΘ(
N
2
− n)b†nsσ(k)bnsσ(k)
]
,
(3)
5where we have defined ϑN ≡ 1 − (−1)N . a(†)nsσ(k) and
b
(†)
nsσ(k) annihilate (create) a band-σ electron with spin
projection s and in-plane wave vector k in the odd and
even layers of the nth unit cell, respectively. Addi-
tional model parameters include the on-site energy cor-
rections δv and δw, and k-dependent corrections of the
form µσ(k) = µσk
2, for the v and w bands, respec-
tively, which take into account both the pseudo-interlayer
potentials, as well as the spin-flip-induced interband-
interlayer hopping (Appendix B). For odd N the system
has bN/2c complete unit cells and a truncated last unit
cell n = dN/2e, where bAc and dAe are the floor and
ceiling functions, respectively. This case is considered in
Eq. (3) through the Heaviside function Θ(N2 − n), which
removes the operators b
(†)
N/2,σ(k) when N is odd. The
minus sign in the last row of Eq. (3) for the interband
interlayer hoppings (tvw) is due to the opposite parity un-
der z → −z of the v and w bands, described in Sec. III.
Finally, we include on-site potential energy shifts Un, for
1 ≤ n ≤ N , to take into account the effects of an elec-
tric field applied along the TMD film’s z axis. Under
experimental conditions, such an electric field may origi-
nate from a negative back gate, which in addition dopes
the system with a finite hole density ρh. This density is
related to the potential profile {Un} as [42],
Un = U1 + ed
N∑
m=2
Em−1,m; n > 1,
Em−1,m = 2e
ε0
N∑
l=m
ρl,
(4)
where e is the (positive) fundamental charge, d = c/2 is
the interlayer distance, and ρl is the electrostatically in-
duced density of holes in layer l, such that ρh =
∑N
l=1 ρl.
The factor of 2 in the second equation comes from the
spin degeneracy at the Γ point. The potential profile
and hole density must be determined self-consistently to
satisfy Eq. (4).
Setting Un = 0, we obtain the model parameters in Eq.
(3) for each 2H-MX2 by fitting the results of numerical
diagonalization of Eq. (3) to DFT calculations of bulk
and few-layer dispersions. For example, the DFT bulk
kz dispersion of WS2 is shown in Fig. 3 for the ΓA cut
through the 3D BZ. The solid lines in Fig. 3 correspond
to the bands of the bipartite Bloch Hamiltonian
HΓ(k, kz) =

Ev(k) + 2δv + 2µv(k) 0 2tv(k) cos (
kzc
2 ) 2itvw(k) sin (
kzc
2 )
0 Ew(k) + 2δw + 2µw(k) −2itvw(k) sin (kzc2 ) 2tw(k) cos (kzc2 )
2tv(k) cos (
kzc
2 ) 2itvw(k) sin (
kzc
2 ) Ev(k) + 2δv + 2µv(k) 0
−2itvw(k) sin (kzc2 ) 2tw(k) cos (kzc2 ) 0 Ew(k) + 2δw + 2µw(k)
 , (5)
obtained from the model Eq. (3). Equation (5) is written
in the basis of the v and w bands of layers one and two of
the bulk 2H crystal unit cell. The fitted parameters for
the four TMDs are given in Tables I and II, and sample
comparisons between the HkpTB model and DFT results
for WS2, representative of all four TMDs, are shown in
Fig. 4. Detailed comparisons for few-layer films of all
four materials are available in Ref. [32].
Noting that the bulk VB edge is located at the Γ point
(Fig. 3), the dispersion near the band edge can be ob-
tained from Eq. (5) as
EΓ(kz,k) ≈ − ~
2k2z
2mv,z
− ~
2k2
2mv,xy
(
1 + ζk2z
)
, (6)
where the bulk parameters are given in terms of the
HkpTB model parameters,
m−1v,z =
~2
2d2
(
4t
(0)
vw
2
∆E
+ t(0)v
)
(7a)
is the out-of-plane bulk effective mass, with d = c/2 the
interlayer distance and ∆E = Ev − Ew − 2t(0)v + 2t(0)w +
2δv−2δw the bulk gap between the topmost v and lowest
w bands at the Γ point.
m−1v,xy =
[
1 +
4mv
~2
(
t(2)v − µv
)]
m−1v , (7b)
is the in-plane bulk effective mass, and
ζ = − ~
−2mvd2
[1 + 4mv~2 (t
(2)
v − µv)]
{
2t(2)v +
4~2t2vw
∆E2
mw −mv
mvmw
+16tvw
(
t
(2)
vw
∆E
+
tvw
∆E2
(t(2)v − t(2)w + µw − µv)
)}
,
(7c)
is an anisotropic non-linearity factor. These parameter
values, obtained by fitting to DFT calculations, can be
found in Table I.
Then, the subband energies and dispersions in TMD
films with N  1 can be analyzed by quantizing hole
states with dispersions described by Eq. (6) in a slab of
thickness L = Nd. When doing so, one has to comple-
ment Eq. (6) with the general Dirichlet-Neumann bound-
ary condition for the standing waves of holes at both film
6TABLE I. Model parameters fitted to DFT data for the mono-
layer valence bands Ev(k) and Ew(k), and bulk valence band
dispersion for the four TMDs. The monolayer parameters
include the band edges energy difference E0v − E0w, and the
effective masses mv,mw given in terms of the free electron
mass m0. The 3D bulk parameters include the out-of-plane
and in-plane effective masses mv,z,mv,xy, respectively, and
the in-plane dispersion non-linearity parameter ζ.
E0v − E0w [eV] mv [m0] mw [m0]
mv,z [m0] mv,xy [m0] ζ [A˚
2]
MoS2 1.75 3.726 0.304
1.04 0.693 -5.24
MoSe2 1.56 5.575 0.505
1.42 0.786 -5.99
WS2 2.08 2.885 0.353
0.840 0.615 -5.86
WSe2 1.81 3.420 0.760
1.08 0.700 -5.45
TABLE II. Model parameters fitted to DFT data for the va-
lence band interlayer hopping terms tv(k), tw(k) and tvw(k).
δv, δw, µv, and µw are the on-site energy offsets due to the
pseudo-interlayer potential and spin-flip coupling terms.
t
(0)
v [eV] t
(0)
w [eV] t
(2)
v [eVA˚
2
] t
(2)
w [eVA˚
2
]
t
(0)
vw [eV] t
(2)
vw [eVA˚
2] δv [meV] δw [meV]
µv [eVA˚
2] µw [eVA˚
2]
MoS2 -0.333 0.592 1.744 2.684
0.432 -1.206 -62.18 -41.43
-0.351 6.770
MoSe2 -0.307 0.657 1.830 2.626
0.453 -1.140 -29.13 -10.85
-0.261 2.736
WS2 -0.322 0.574 1.718 3.205
0.404 -1.226 -36.98 -48.89
-0.614 5.834
WSe2 -0.291 0.649 1.814 -1.382
0.4309 -0.049 -25.27 -69.93
-0.519 0.192
surfaces
[±νd∂zψ(z) + ψ(z)]z=±L2 = 0, (8)
where the ± correspond to the top and bottom layers, re-
spectively, and ν is a dimensionless parameter. Assuming
a solution of the form ψ(z) = ueikzz + ve−ikzz, one finds
from Eq. (8) that kz in Eq. (6) obeys
Lkz + 2 arctan(νkzd) = pin, (9)
where the integer n is the subband index. For large
number of layers and for subbands near the band edge,
kz ∼ 1L  1d , and arctan(νkzd) ≈ νkzd, so that we can
approximate
kz ≈ pin
d(N + 2ν)
, (10)
FIG. 4. HkpTB model dispersions (solid lines) fitted to DFT
results for the WS2 valence subbands near the Γ point, rep-
resentative of all four TMDs. Results are shown for number
of layers N = 3 to 6. Fittings for all four TMDs can be found
in Ref. [32].
leading to the subband energies and dispersions
EnN |N (k) = − ~
2
2mv,z
pi2n2
d2(N + 2ν)2
− ~
2k2
2mv,xy
[
1 +
ζpi2n2
d2(N + 2ν)2
]
.
(11)
The large-N asymptotics of the separation between the
lowest two subbands, |E1|N − E2|N |, was used to deter-
mine the value of the boundary parameter ν for holes
in each TMD, resulting in ν ≈ 0 for MoS2 and MoSe2,
ν = 0.11 for WS2, and ν = 0.007 for WSe2, using the
dispersions and lowest intersubband splittings shown in
Figs. 4 and 5(a). The good agreement between the full
HkpTB model and the asymptotic analysis shown in Fig.
5(a) enables us to describe the main intersubband tran-
sition 1|N → 2|N in p-doped N -layer 2H-MX2 as
|E1|N − E2|N | = 3pi
2~2
2mv,zd2(N + 2ν)2
. (12)
Furthermore, the hole subband effective masses
m−1n|N = m
−1
v,xy
[
1 +
ζpi2n2
d2(N + 2ν)2
]
, (13)
obtained from Eq. (11), describe well the subband de-
pendence of the in-plane masses, as seen in Fig. 5(a).
Fig. 5(b) shows the effects of a doping-induced poten-
tial profile in the film on the first subband transition
energy |E2|N − E1|N |, as a function of the total gate-
induced hole density ρh. Results are shown for all four
TMDs with film thicknesses of N = 2 to 6 layers, up to
moderate doping levels. Following a slight decrease for
weak doping, the transition energies grow monotonically,
but with only a weak blue shift.
7FIG. 5. (a) Energy spacings between the first and nth valence
subband (n = 2 to 5) for the four TMDs, as a function of the
number of layers N . The ν parameter corresponding to each
TMD is given in each panel. The solid lines for the first two
transitions are obtained using Eq. (11), showing a good fit be-
tween the model and DFT. (b) 1|N → 2|N transition energy
as a function of the hole density ρh. Each curve corresponds
to the value of N indicated on the right.
B. Selection rules for intersubband transitions, and
dispersion-induced line broadening
Next, we use the model developed above for the de-
scription of hole subbands to study intersubband optical
transitions, electron-phonon relaxation, and absorption
line shapes of IR/FIR light.
The optical transition amplitude between two given
subbands n and n′ is determined by the out-of-plane
dipole moment
dn,n
′
z (k) = e〈n,k|z|n′,k〉
= e
N∑
j=1
∑
σ=v,w
zjC
∗
n,j,σ(k)Cn′,j,σ(k),
(14)
where N is the total number of layers, zj denotes the z
d
z
/
e
[A˚
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FIG. 6. Out-of-plane dipole moment matrix elements for the
VB subbands, for the first two intersubband transitions 1→ 2
(solid) and 1→ 3 (dashed).
coordinate of layer j, and Cn,j,σ(k) are the components
of the nth subband eigenstate. The calculated dipole mo-
ment matrix element for the first two intersubband tran-
sitions is plotted in Fig. 6 as a function of the number of
layers. The selection rules for intersubband transitions
driven by out-of-plane polarized light are determined by
the odd parity of z under both spatial inversion and mir-
ror reflection (σh). The subband states for even and odd
number of layers also have a definite parity under spatial
inversion and mirror reflection, respectively, due to the
crystal’s symmetry. Therefore, intersubband transitions
between same parity subbands are forbidden, as shown in
Fig. 6 for the first two intersubband transitions. All this
makes the 1|N → 2|N transition the dominant feature in
the IR/FIR absorption by thin TMD films.
The intersubband absorption line shape is affected by
the difference between the effective masses of subbands
1|N and 2|N . The lighter in-plane hole mass in the initial
state (1|N subband) as compared to the final state (2|N
subband) spreads the absorption spectrum toward lower
energies. Heavy p-doping of the TMD film or Boltzmann
distribution of the holes in the case of light p-doping,
sets the lower limit for the line width of the 1|N → 2|N
absorption line, which we call the density of states (DOS)
broadening
σ =
(
1− m1|N
m2|N
)
max{F , kBT} log 2. (15)
Here, kB is the Boltzmann constant, T is the tempera-
ture, and m1, m2 are the effective masses of the first and
second subbands. This limit for the line width is illus-
trated in Fig. 7(a) for N -layer 2H-MX2 at room tem-
perature. We note here that DOS broadening is similar
to the inhomogeneous broadening, in the sense that it
can be overcome by placing the TMD film inside an opti-
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FIG. 7. (a) Absorption line widths for VB subbands at room
temperature (300 K) as a function of number of layers for the
four TMDs, considering only DOS broadening. (b) Phonon-
induced broadening at room temperature (T = 300 K) due to
intersubband emission and intrasubband absorption of optical
phonons modes (top to bottom) HP, LO and ZO, for the four
TMDs as a function of number of layers N , with the combined
broadening shown in the bottom panel.
cal resonator that would select intersubband modes with
particular values of in-plane momentum k.
C. Broadening due to electron-phonon intra- and
intersubband relaxation
In contrast to the elastic DOS broadening, phonon-
induced intra- and intersubband relaxation broaden the
absorption line in a way that cannot be avoided by a
clever choice of the electromagnetic environment. Be-
low we consider emission and absorption of homopo-
lar (HP), longitudinal (LO) and out-of-plane (ZO) op-
tical phonons, which we assume to be dispersionless.
This choice is motivated by the fact that these are the
strongest coupled modes in TMDs, as established by ear-
lier studies [28, 43]. Also, we take phonon modes of
few-layer films as independent and degenerate. This ap-
proximation is justified by the fact that splittings due to
hybridization between layers are much smaller than the
monolayer phonon frequency [44].
The hole-phonon couplings for a phonon in mode µ =
HP, LO, or ZO in layer j, interacting with a hole in layer
i, are given by (see Appendices D and E)
gj,iHP(q) = δij
√
~
2ρωHP
Dv, (16a)
gj,iLO(q) =
√
~
2ρMrM ωLO
2piie2Z(−1)j
A(1 + r∗q)
e−qd|i−j|, (16b)
gj,iZO(q) =
√
~
2ρMrM ωZO
2pie2Zz
A
e−qd|i−j|
i− j
|i− j| , (16c)
where ωµ denotes the corresponding phonon frequency; ρ
is the mass density of the material; Dv is the deformation
potential in the valence band; A is the unit cell area; M
and Mr are the total unit-cell mass and reduced mass of
the metal and two chalcogens, respectively; Z and Zz are
the in-plane and out-of-plane Born effective charges, re-
spectively; and r∗ is the screening length in the material.
The various parameters taken from Refs. 28, 43, 45, and
46 are given in Table III.
The phonon-induced broadening is determined by the
lifetime of the hole in the excited subband state, which
includes contributions from intersubband relaxation due
to emission (low and high temperature) and intrasub-
band absorption (high temperature) [Fig. 7(b)]. We note
that intrasubband emission contributions are thermally
activated, since they require carriers to be thermally ex-
cited to energies higher than the corresponding phonon
energy. The typical energy of thermally distributed carri-
ers at room temperature is 12kBT ∼ 13 meV, whereas the
phonon energies are of order 30–50 meV (Table III), mak-
ing this process irrelevant. Similarly, the process involv-
ing intersubband absorption from the second subband to
the third is suppressed by the larger intersubband spac-
ings, as compared to the phonon energies and the first
intersubband spacings for N <∼ 10, and therefore will not
be considered.
The phonon-induced broadening is accounted for by
γ =2pi
∑
µ,q,j
∣∣∣∣∣∑
i
∑
σ=v,w
gj,iµ (q)C
∗
n,i,σ(q)Cm,i,σ(0)
∣∣∣∣∣
2
× {[1 + nT (~ωµ)]δ [Em(0)− En(q)− ~ωµ]
+δnmnT (~ωµ)δ [Em(0)− Em(q) + ~ωµ]} ,
(17)
where the sums are over the phonon modes µ =
HP, LO, ZO, the phonon wave vector q, and the layer
number 1 ≤ j ≤ N . Cn,i,σ are the components of the nth
subband eigenstate on layer i in band σ, and nT (~ωµ) is
9TABLE III. Electron-phonon coupling parameters for LO, HP, and ZO phonon modes. ωHP, ωLO, and ωZO are the HP, LO,
and ZO mode energies; ρ is the mass density; Dv, Dc are the valence and conduction deformation potentials; Z, Zz are the
in-plane and out-of-plane Born effective charges; r∗ is the screening length; Mr/M is the ratio of the reduced mass of the metal
and chalcogens to the total unit-cell mass; and A is the unit-cell area.
~ωHP [meV] ~ωLO [meV] ~ωZO [meV] ρ [g/cm2] Dv [eV/A˚] Dc [eV/A˚] Z Zz r∗ [A˚] Mr/M A [A˚2]
MoS2 51 49 59 3.1× 10−7 3.5 7.1 1.08 0.1 41 0.24 8.65
MoSe2 30 37 44 4.5× 10−7 3.8 7.8 1.8 0.15 52 0.249 9.37
WS2 52 44 55 4.8× 10−7 1.5 3.4 0.47 0.07 38 0.29 8.65
WSe2 31 31 39 6.1× 10−7 2.2 2.7 1.08 0.12 45 0.25 9.37
the Bose-Einstein distribution for a phonon in mode µ at
temperature T . The first term in curly brackets describes
intersubband phonon emission, whereas the second term
describes intrasubband phonon absorption.
The resulting phonon-induced broadenings at room
temperature are shown in Fig. 7(b). The main contri-
bution comes from intersubband relaxation, with intra-
subband absorption suppressed by the phonon occupa-
tion number. The intersubband LO phonon contribution
dominates the broadening due to the strong coupling
attributed to the large in-plane Born effective charge,
and the long-range nature of the coupling. The reduced
broadening for N = 2 is due to the large intersubband
spacing, which suppresses intersubband relaxation, and
the fact that the second subband is almost flat, which
suppresses intrasubband absorption. The peaks in the
broadenings for certain numbers of layers correspond to
near resonances between the phonon energies and the in-
tersubband spacings. Phonon broadening is seen to be
most detrimental for MoSe2 in particular, and in gen-
eral for all TMDs with seven or eight layers. Beyond
this number of layers, the phonon energies become larger
than the intersubband spacings, thus preventing inter-
subband relaxation, however, intrasubband absorption is
still present and dominates for N > 7. Finally, we note
that the broadening values are found to be smaller than
those observed in III-V quantum wells [30], implying a
weaker detrimental effect on the absorption/emission line
shape in these materials.
D. Room-temperature absorption spectrum in
p-doped TMD films
The cumulative effect of inelastic (e-ph) and elastic
(DOS) broadening of the intersubband 1|N → 2|N ab-
sorption spectra of lightly p-doped TMD films is de-
scribed by
I(~ω) =
4pi
~
|Ez(~ω)|2
∑
k
∣∣d1,2z (k)∣∣2 fT (k)
× γ/pi
[E1(k)− E2(k)− ~ω]2 + γ2 ,
(18)
where fT (k) is the Fermi function for hole occupation in
the lowest subband corresponding to hole density nh, and
temperature T (we assume that all higher-energy hole
~! [eV]
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FIG. 8. Optical absorption lines for N = 2 to 5 layers of
lightly p-doped MoS2, MoSe2, WS2, and WSe2 at room tem-
perature (T = 300 K).
subbands are empty). The resulting absorption spec-
tra at room temperature for the four TMDs with dif-
ferent number of layers are shown in Fig. 8. The spectra
show the combination of DOS broadening, which pro-
duces a tail towards lower photon energies, with the
phonon-induced broadening, most relevant for N > 2,
which gives a small tail towards higher energies, mak-
ing the lines more symmetric and reducing their ampli-
tudes. The smaller phonon couplings in WS2 result in
tall, narrow, and asymmetric line shapes, with intensity
increasing with the number of layers, reflecting the grow-
ing dipole matrix element. This is in contrast to MoSe2,
where the larger phonon-induced broadening results in
smaller and more symmetric peaks for N > 2.
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TABLE IV. Monolayer and bulk conduction band parameters fitted to DFT calculations of the four TMDs. The effective
masses are given in terms of the free electron mass m0. The band-edge energy E0 is given relative to the valence band edge
at the Γ point, and 2∆0 is the spin-orbit splitting at the Q point. The monolayer parameters include the effective masses in
the x and y directions for the spin split bands, and the band minima offsets q↓ and q↑. The conduction band bulk dispersion
parameters include the in-plane effective masses mc,x,mc,y, and out-of-plane mass mc,z; band minima offsets κ0 and β, and
in-plane dispersion non-linearity parameters ζx and ζy.
mx,↑ [m0] my,↑ [m0] q↑ [10−3A˚
−1
] mx,↓ [m0] my,↓ [m0] q↓ [10−3A˚
−1
] E0 [eV] 2∆0 [meV]
mc,z [m0] mc,x [m0] mc,y [m0] ζx [A˚
2] ζy [A˚
2] κ0 [A˚
−1] β [10−4 A˚]
MoS2 0.595 1.035 20.49 0.666 1.105 7.16 1.994 67.0
0.525 0.550 0.735 -3.90 -7.94 0.0456 -1.3
MoSe2 0.583 1.060 54.21 0.518 1.106 26.93 1.891 21.0
0.500 0.510 0.760 -4.65 -4.26 0.0663 0.32
WS2 0.529 0.722 13.74 0.763 0.892 -20.65 2.059 254
0.510 0.528 0.596 -4.30 -4.12 0.0344 0.53
WSe2 0.468 0.753 49.63 0.676 0.908 1.88 1.94 214
0.466 0.479 0.608 -4.19 -5.80 0.0599 -0.9
IV. ELECTRON SUBBANDS IN n-DOPED
FEW-LAYER TMDS
A. HkpTB for the conduction band near the Q
point
The conduction band edges in monolayer MoS2,
MoSe2, WS2, and WSe2 are located at the K points,
but accompanied by local dispersion minima that appear
near the six inequivalent points τQ, τC3Q and τC
2
3Q,
where τ = ±1, and Q = 2pi3a xˆ is the midpoint between Γ
and K (a is the lattice constant). For a given value of τ ,
there are three valleys connected by C3 rotations about
the BZ center [Fig. 2(c)], such that we need only describe
the dispersion near the two points τQ, which are related
by time reversal.
For spin projection s, the monolayer dispersion near
the τQ valley is given by [27]
Eτs (k) =
~2(kx − qτs )2
2mτx,s
+
~2k2y
2mτy,s
+ E0 + τs∆0, (19)
where mτx,s and m
τ
y,s are effective masses; E0 is a con-
stant energy shift; 2∆0 is the spin-orbit splitting between
the spin-up and down band edges; and qτs is the band-
edge momentum relative to the valley along the xˆ axis.
From time-reversal symmetry we obtain the dispersion
for the opposite valley as Eτs (k) = E
−τ
−s (−k), which re-
quires (α = x, y) mτα,s = m
−τ
α,−s and q
τ
s = −q−τ−s .
As described in Sec. II, the 2H-stacked bilayer consists
of subsequent layers rotated by 180◦ with respect to each
other. In reciprocal space, this means that a conduction-
band state of spin projection s and momentum τQ + k
of the first layer will hybridize with its in-plane inversion
partner of spin s and momentum −τQ − k in the sec-
ond one [Fig. 2(c)]. The multilayer Hamiltonian for the
conduction subbands about τQ is given by
HτNQ(k) =
dN/2e∑
n=1
∑
s=↑,↓
[
Eτs (k) +
(
δn,1 + δn,dN/2e
)
δE
] [
a†nτs(k)anτs(k) + Θ(
N
2 − n)b†n,−τ,−s(−k)bn,−τ,−s(−k)
]
+
dN/2e∑
n=1
∑
s=↑,↓
tτ (k)Θ(
N
2 − n)
[
b†n,−τ,s(−k)anτs(k) + H.c.
]
+
dN/2e−1∑
n=1
∑
s=↑,↓
t∗τ (k)
[
b†n,−τ,s(−k)an+1,τ,s(k) + H.c.
]
+
dN/2e−1∑
n=1
∑
s=↑,↓
t′[a†n+1,τ,s(k)anτs(k) + b
†
n+1,−τ,s(−k)bn,−τ,s(−k)]
+
dN/2e∑
n=1
∑
s=↑,↓
[
U2n−1 a†nτs(k)anτs(k) + U2nΘ(
N
2 − n)b†n,−τ,−s(k)bn,−τ,−s(k)
]
,
(20)
where a
(†)
n,τ,s(k) and b
(†)
n,τ,s(k) annihilate (create) electrons of spin projection s, in-plane wave vector k and valley
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FIG. 9. Bulk dispersion of 2H-stacked WS2 along the Bril-
louin zone path QA, defined by kx = ky = 0 and kz ∈ [0; pi/c],
where kx and ky are measured relative to the Q point, as
shown in the inset. DFT data (points) are well fitted by the
model Eq. (23) (solid line). Inset: the first Brillouin zone of
bulk TMDs.
quantum number τ , on the odd and even layers of the
nth bulk unit cell. The alternation of spin indices and
hopping terms are a result of 2H stacking. The model is
parameterized by the terms in tτ (k) given in Eq. (21),
the interlayer pseudo-potential δE, implemented as an
on-site energy shift at the boundary layers, and the next-
nearest-neighbor hopping t′ included to improve the fit-
ting to DFT bands. The interlayer hopping has the form
(see Appendix A)
tτ (k) = t0 + τt1kx + iu1ky + t2k
2
x + u2k
2
y, (21)
up to second order in the in-plane crystal momentum.
Given the lack of σh symmetry for even N , the spin
projection s is, strictly speaking, not a good quantum
number, and spin mixing is allowed. This is discussed in
Appendix A. However, using an expansion about the Q
point in our DFT results shows that spin mixing is much
weaker [47] than tτ (k), and can be neglected. We also
found u1 to be several orders of magnitude smaller than
t1; as a result, we consider tτ (k) to be real.
Finally, in the last term of Eq. (20) we take into
account electrostatic doping effects through the layer-
dependent potential energy Un (1 ≤ n ≤ N) [42]:
Un = U1 + ed
N∑
m=2
Em−1,m; n > 1,
Em−1,m = 3e
ε0
N∑
l=m
∑
τ=±1
∑
s=↑,↓
ρsτl .
(22)
Here, ρsτl is the electron (number) density induced in
layer l belonging to the spin-s subbands in valley τ . The
factor of 3 in the second equation comes from the valley
FIG. 10. HkpTB model dispersions (solid lines) fitted to DFT
results for the WS2 conduction subbands (points) near the Q
point (kx = 0), representative of all four TMDs. Results
are shown for number of layers N = 3 to 6. For odd N ,
line and point colors indicate subbands with different spin
projections, with blue (red) corresponding to spin down (spin
up). For even N , spin-up and -down subbands are degenerate,
and shown with black dots. Fittings for all four TMDs can
be found in Ref. [32].
TABLE V. Model parameters fitted to DFT data for the con-
duction band interlayer hopping terms. δE is an energy offset
for the first and last layers of the structure that accounts for
surface effects.
t0 [eV] t1 [eVA˚] t2 [eVA˚
2
]
t′ [meV] u2 [eVA˚
2
] δE [meV]
MoS2 0.203 0.213 0.0419
12.7 -0.662 8.90
MoSe2 0.215 0.180 -0.145
20.5 -0.447 -4.29
WS2 0.210 0.233 -0.123
5.24 -0.864 -3.95
WSe2 0.211 0.209 0.231
9.54 -0.797 4.21
degeneracy, which is preserved even in the presence of an
out-of-plane electric field.
In the bulk limit, and in the absence of external electric
fields (Un = 0), we have the bipartite Hamiltonian
HτQ(k, kz) =ε0(k, kz)s0pi0 + τ∆(k)s3pi3
+ 2tτ (k) cos
(
kzc
2
)
s0pi1,
ε0(k, kz) =
E+↑ (k) + E
+
↓ (k)
2
+ 2t′ cos (kzc),
∆(k) =
E+↑ (k)− E+↓ (k)
2
,
(23)
where ∆(k) is the k-dependent monolayer spin-orbit
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splitting for wave vector k measured relative to the Q
point; si and pii (i = 0 to 3) are Pauli matrices acting on
the spin and layer degrees of freedom, respectively, and
s0 and pi0 are the identity in their corresponding sub-
spaces. The model parameters for the four TMDs were
fitted to the DFT-calculated monolayer and 3D bulk dis-
persions, and are presented in Tables IV and V. A sample
bulk fitting is shown in Fig. 9 for WS2, along the path
defined by kx = ky = 0 (Q point) and kz ∈ [0, pi/c], with
the solid line corresponding to the model Eq. (23). A
sample comparison between our HkpTB model to DFT
results for WS2 few-layer structures, representative of all
four TMDs, is shown in Fig. 10. Detailed comparisons
for few-layer films of all four materials are available in
Ref. [32].
As discussed in Sec. II, the global symmetry alterna-
tion between σh for odd N , and spatial inversion sym-
metry for even N , results in the striking qualitative dif-
ferences between the cases with even and odd number of
layers in Fig. 10. The two-fold spin degeneracy observed
for even N is a consequence of spatial inversion and time
reversal symmetry, resulting in Eτs (k) = E
τ
−s(k). By
contrast, σh mirror symmetry for N odd makes s a good
quantum number, while the lack of inversion symmetry
allows for spin-orbit splitting. Notice also that the two
middle spin-split subbands remain fixed for all odd val-
ues of N , while the rest of the bands are nearly spin-
degenerate. As discussed in Appendix C, these features
can be traced back to the SO splitting in the monolayer
case, and the particular form of Hamiltonians HτNQ(k)
for odd N .
Expanding the lowest eigenvalue of Eq. (23) for valley
τ about kz = 0, corresponding to the bulk conduction
band edge (Fig. 9), the dispersion can be written as
EτQ(k, kz) ≈
~2
2mc,x
(kx − τ [κ0 − βk2z ])2
(
1 + ζxk
2
z
)
+
~2k2y
2mc,y
(
1 + ζyk
2
z
)
+
~2k2z
2mc,z
+ E0Q,
(24)
where mc,z is the out-of-plane bulk effective mass;
mc,x, mc,y are the in-plane effective masses in the x
and y directions, respectively; ζx, ζy are anisotropic non-
linearity factors; κ0 and β account for the band minimum
offset from the Q point along the xˆ direction; and E0Q is
a constant energy shift. These constants are related to
our HkpTB model parameters through the expressions
[see Eq. (19)]
mc,x =
2mτx,↑m
τ
x,↓
mτx,↑ +m
τ
x,↓
, (25a)
mc,y =
2mτy,↑m
τ
y,↓
mτy,↑ +m
τ
y,↓
, (25b)
mc,z =
~2
8d2
[
t20
4∆0
(
1− t
2
1
t21 + 2t0t1
)
− t′
+
t21 + 2t0t2
4∆0
(
κ0 +
t0t1
t21 + 2t0t2
)2]−1
,
(25c)
κ0 =
m+x,↑q
+
↓ +m
+
x,↓q
+
↑
m+x,↑ +m
+
x,↓
, (25d)
β =
2mc,xd
2
~2
t21 + 2t0t2
∆0
(
κ0 +
t0t1
t21 + 2t0t2
)
, (25e)
ζx =
2mc,xd
2
~2
t21 + 2t0t2
∆0
, (25f)
ζy =
4mc,yd
2
~2
t0u2
∆0
, (25g)
E0Q = E0 − 2∆0 +
~2
4
(qτ↑ + q
τ
↓ )
2
mτx,↑ +m
τ
x,↓
+ 2t′. (25h)
Similarly to the subbands on the valence-band side
(Sec. III), the conduction subbands in TMD films with
N  1 can be analyzed by quantizing the electron states
in a slab of finite thickness L = Nd, with dispersions de-
scribed by Eq. (24). However, note that the coefficients of
Eqs. (25a)–(25h) are independent of spin projection and
valley, and thus not representative of the odd N case.
This is a consequence of the explicit inversion symmetry
of the bulk model (23). Nonetheless, the SO splitting
resulting from the lack of inversion symmetry and the
presence of σh symmetry in a system with odd N , can
be introduced through the TMD quantum well boundary
conditions.
The unit cell for 2H crystals contains two layers, which
below we label A and B [see Eq. (20)]. For odd N , in-
version symmetry is broken in opposite ways for the two
layers in the unit cell, given that, as discussed in Sec.
I, they are rotated by 180◦ with respect to each other.
This results in different boundary conditions for electrons
at a given termination of the TMD film, depending on
whether the final layer is of type A or B. This generalizes
the boundary conditions used for the valence band at the
Γ point [Eq. (8)] to
[± (ν0 + sτν1) d∂zψτs (z) + ψτs (z)]z=±L2
= 0, (26a)
for the boundary at z = ±L/2 when the film terminates
on an A layer, and
[± (ν0 − sτν1) d∂zψτs (z) + ψτs (z)]z=±L2
= 0, (26b)
when the final layer at position z = ±L/2 is of type B.
Here, ν0 , ν1  N are dimensionless parameters. This
13
results in spin- and valley-dependent quantization condi-
tions
ks,τz,n|N ≈
pin
d[N + 2ν0 + sτν1ϑN ]
, (27)
where ϑN ≡ 1− (−1)N gives 0 for even N and 2 for odd
N . Overall, the low-energy spectrum of a thin film has
the form
Es,τnN |N (k) =
~2
2mc,z
pi2n2
d2[N + 2ν0 + sτν1ϑN ]2
+
~2
2ms,τc,x;n|N
(kx − κs,τn|N )2 +
~2k2y
2ms,τc,y;n|N
+ E0Q,
(28)
where the subband in-plane effective masses in the α =
x, y directions are[
ms,τα,n|N
]−1
≈ m−1c,α
[
1 +
ζαpi
2n2
d2[N + 2ν0 + sτν1ϑN ]2
]
,
(29a)
and the momentum offset from the Q point is given by
κs,τn|N ≈ τκ0 +
τn2pi2 β
d2 [N + 2ν0 + sτν1ϑN ]
2 . (29b)
As in the monolayer case, the low-energy subband dis-
persions described by Eq. (28) near the six valleys at BZ
points τQ, τC3Q, and τC
2
3Q, can be divided into two
triads related by time-reversal symmetry, with quantum
numbers τ = ±1. The three valleys for a given τ are con-
nected by C3 rotations, as sketched in the inset of Fig.
2. As a consequence, for odd number of layers, where
inversion symmetry is broken and SO splitting is param-
eterized by ν1, the spin and valley degrees of freedom of
the bottom subband are locked, and the low-energy states
have valley degeneracy of godd = 6. Conversely, for even
number of layers the bottom subbands are spin degen-
erate, giving a total degeneracy of geven = 12. These
large subband degeneracies and multi-valley structures,
together with the anisotropic dispersions found within
each valley, may have important implications for the
transport and quantum Hall properties of n-doped mul-
tilayer TMDs [48].
Both inversion and σh symmetry are broken when an
electric field is applied along the zˆ axis of the film, leading
to a modulation of the spin splittings in the case of odd
N , and lifting of the spin degeneracy for even N . As a
first approximation, this effect can be introduced into the
lowest subband dispersion by substituting
E0Q → E0Q(ρe) + sτΛ(ρe) (30)
in Eq. (28) for n = 1, where ρe = 3
∑
s,τ,n ρ
sτ
n is the
total electron density induced by the field. These spin-
dependent shifts of the band edges, abbreviated Es1|N ≡
Es+1|N (κ
s+
1|N , 0), parametrize the symmetry breaking by the
potential profile. As an example, representative of all
four TMDs, Figure 11 shows this splitting for the low-
est conduction subband of five- and six-layer WSe2, in
the case where the field is induced by a single positive
back gate near layer one. The corresponding induced
electron densities and potential profiles were determined
self-consistently to satisfy Eq. (22), and chosen inside a
range that is easily accessible to experiments.
In the case of evenN we can interpret the spin-splitting
strength in the weak doping regime in terms of the spa-
tial charge distributions of the lowest-energy spin-up and
-down subband states. The left insets in Fig. 11(b) show
the spread of these two states along the film’s zˆ axis
in the zero-doping limit (ρe → 0). The two distribu-
tions are asymmetric with respect to the middle of the
film, and related to each other by a z → −z mirror
operation, resulting in opposite electric dipole moments
〈µ↑E〉 = −〈µ↓E〉 about the middle plane of the multilayer
structure. The splitting in the zero-doping limit can be
approximated as Λ(ρe → 0) ≈ −(〈µ↑E〉 − 〈µ↓E〉)Ez > 0,
where Ez > 0 is the electric field in the zˆ direction. This
is shown in Fig. 11(b) for electron densities between 0
and 0.2 × 1012 cm−2. This linear splitting contribution
is weak: even at small doping, it is overcome by non-
linear screening effects, which produce a large negative
splitting Λ < 0 [Fig. 11(c)] and quickly deplete the spin-
down subband, as shown in the right insets of Fig. 11(b).
For odd N , where in the zero-doping limit the states of
both spin band edges are symmetric about the middle
layer of the film [see insets of Fig. 11(a)], spin splitting
is determined entirely by non-linear effects. This anal-
ysis for the ρe → 0 limit can be generalized to all even
and odd values of N for all four TMDs, as shown in Fig.
11(d), where we show that, in all four cases, the spin-
resolved electric dipole moments alternate between finite
and zero for even and odd N , respectively. Also, note
that according to Eq. (30), the sign of the spin splitting
is inverted for opposite valleys.
B. Intersubband transitions and dispersion-induced
line broadening in n-doped N-layer TMDs
Numerically diagonalizing the HkpTB Hamiltonian in
Eq. (20) with the parameters of Tables IV and V, we
obtain the energy spacings between the first and next
few subbands of TMD films shown in Fig. 12. Using Eq.
(28), we estimate the separation between the lowest two
subbands of a given spin projection s as
Es,τ2|N − Es,τ1|N ≈
15pi4~2β2
2mc,xd4(N + 2ν0)4
+
3pi2~2
2mc,zd2(N + 2ν0)2
− ϑNsτν1 6pi
2~2
2mc,zd2(N + 2ν0)3
.
(31)
Similarly, we estimate the splitting between the lowest
subbands of opposite spin as
E−s,τ1|N − Es,τ1|N ≈ sτν1ϑN
2pi2~2
2mc,zd2(N + 2ν0)3
. (32)
14
⇢e ! 0
<latexit sha1_base64=" ieC59T4GUi9QBQh4tgsTJo8SAPM=">AAACk3icbZHb ahsxEIbl7SHp9uQ07VVvRI0hhWB2S6CF3iRuQnoRg3t wkmIbMyuP18JaaZFmm7iL36W37Rv1bap1TEmcDgh+v pnRjPQnuZKOouhPLbhz9979jc0H4cNHj588rW89O3Wm sAJ7wihjzxNwqKTGHklSeJ5bhCxReJbMPlT5s+9onT T6K81zHGaQajmRAsijUf35wE7NCPnAynRKYK254NGo3 oha0TL4bRGvRIOtojvaqqWDsRFFhpqEAuf6cZTTsAR LUihchIPCYQ5iBin2vdSQoRuWy/UXvOnJmE+M9UcTX9 LrHSVkzs2zxFdmQFO3nqvg/3L9gibvhqXUeUGoxdWg SaE4GV79BR9Li4LU3AsQVvpduZiCBUH+x8Im73zj3c9 HB532yVHYvD50OSpHsbiJLwsthRnjOlZ0SRYq6pAyk Lp6Z3lgJah/0F9Y0Z1DmUpyuyfeH717bBFnr8tjqRT/ AtotQm9NvG7EbXH6phVHrfjTXmO/vTJpk71kr9gOi9l bts8+si7rMcF+sJ/sF/sdvAjeB+3g8Ko0qK16ttmNC Dp/AXXCyV4=</latexit><latexit sha1_base64=" ieC59T4GUi9QBQh4tgsTJo8SAPM=">AAACk3icbZHb ahsxEIbl7SHp9uQ07VVvRI0hhWB2S6CF3iRuQnoRg3t wkmIbMyuP18JaaZFmm7iL36W37Rv1bap1TEmcDgh+v pnRjPQnuZKOouhPLbhz9979jc0H4cNHj588rW89O3Wm sAJ7wihjzxNwqKTGHklSeJ5bhCxReJbMPlT5s+9onT T6K81zHGaQajmRAsijUf35wE7NCPnAynRKYK254NGo3 oha0TL4bRGvRIOtojvaqqWDsRFFhpqEAuf6cZTTsAR LUihchIPCYQ5iBin2vdSQoRuWy/UXvOnJmE+M9UcTX9 LrHSVkzs2zxFdmQFO3nqvg/3L9gibvhqXUeUGoxdWg SaE4GV79BR9Li4LU3AsQVvpduZiCBUH+x8Im73zj3c9 HB532yVHYvD50OSpHsbiJLwsthRnjOlZ0SRYq6pAyk Lp6Z3lgJah/0F9Y0Z1DmUpyuyfeH717bBFnr8tjqRT/ AtotQm9NvG7EbXH6phVHrfjTXmO/vTJpk71kr9gOi9l bts8+si7rMcF+sJ/sF/sdvAjeB+3g8Ko0qK16ttmNC Dp/AXXCyV4=</latexit><latexit sha1_base64=" ieC59T4GUi9QBQh4tgsTJo8SAPM=">AAACk3icbZHb ahsxEIbl7SHp9uQ07VVvRI0hhWB2S6CF3iRuQnoRg3t wkmIbMyuP18JaaZFmm7iL36W37Rv1bap1TEmcDgh+v pnRjPQnuZKOouhPLbhz9979jc0H4cNHj588rW89O3Wm sAJ7wihjzxNwqKTGHklSeJ5bhCxReJbMPlT5s+9onT T6K81zHGaQajmRAsijUf35wE7NCPnAynRKYK254NGo3 oha0TL4bRGvRIOtojvaqqWDsRFFhpqEAuf6cZTTsAR LUihchIPCYQ5iBin2vdSQoRuWy/UXvOnJmE+M9UcTX9 LrHSVkzs2zxFdmQFO3nqvg/3L9gibvhqXUeUGoxdWg SaE4GV79BR9Li4LU3AsQVvpduZiCBUH+x8Im73zj3c9 HB532yVHYvD50OSpHsbiJLwsthRnjOlZ0SRYq6pAyk Lp6Z3lgJah/0F9Y0Z1DmUpyuyfeH717bBFnr8tjqRT/ AtotQm9NvG7EbXH6phVHrfjTXmO/vTJpk71kr9gOi9l bts8+si7rMcF+sJ/sF/sdvAjeB+3g8Ko0qK16ttmNC Dp/AXXCyV4=</latexit><latexit sha1_base64=" ieC59T4GUi9QBQh4tgsTJo8SAPM=">AAACk3icbZHb ahsxEIbl7SHp9uQ07VVvRI0hhWB2S6CF3iRuQnoRg3t wkmIbMyuP18JaaZFmm7iL36W37Rv1bap1TEmcDgh+v pnRjPQnuZKOouhPLbhz9979jc0H4cNHj588rW89O3Wm sAJ7wihjzxNwqKTGHklSeJ5bhCxReJbMPlT5s+9onT T6K81zHGaQajmRAsijUf35wE7NCPnAynRKYK254NGo3 oha0TL4bRGvRIOtojvaqqWDsRFFhpqEAuf6cZTTsAR LUihchIPCYQ5iBin2vdSQoRuWy/UXvOnJmE+M9UcTX9 LrHSVkzs2zxFdmQFO3nqvg/3L9gibvhqXUeUGoxdWg SaE4GV79BR9Li4LU3AsQVvpduZiCBUH+x8Im73zj3c9 HB532yVHYvD50OSpHsbiJLwsthRnjOlZ0SRYq6pAyk Lp6Z3lgJah/0F9Y0Z1DmUpyuyfeH717bBFnr8tjqRT/ AtotQm9NvG7EbXH6phVHrfjTXmO/vTJpk71kr9gOi9l bts8+si7rMcF+sJ/sF/sdvAjeB+3g8Ko0qK16ttmNC Dp/AXXCyV4=</latexit>
N
<latexit sha1_base64="DV07nM5smvK0aNYLzyq3 USbZaVc=">AAACfnicbZFbTxNBFMdPV1Rcb6CPvExoajDBsuuLvBi5SOABTFELmNKQs9PTMuns7GbmrKHZN PHdV/1MfAa+DbMtMVA8yST//M59TpJr5TiKrmrBg7mHjx7PPwmfPnv+4uXC4qsjlxVWUltmOrMnCTrSylC bFWs6yS1hmmg6Tobblf/4J1mnMvOdRzl1UxwY1VcS2aPDL2cL9agZTUzcF/GNqH+6DD/+AoDW2WJtcNrLZJ GSYanRuU4c5dwt0bKSmsbhaeEoRznEAXW8NJiS65aTScei4UlP9DPrn2ExobczSkydG6WJj0yRz92sr4L/8 3UK7q93S2XygsnIaaN+oQVnolpb9JQlyXrkBUqr/KxCnqNFyf5zwoY4+CFaX3c2D7b2d8LG7aaTVjnJ8V1 8URglsx7NYs0XbLGijjhFZao9y02rUP+DvmBFVz6rgWK3uu9PYVZ3LdHwbbmrtBbf0Lhx6E8Tzx7ivjh634 yjZnwY1Te2YGrzsATLsAIxfIAN2IMWtEECwW/4A38DCN4E74K1aWhQu8l5DXcsWL8GOLbDCA==</latexit ><latexit sha1_base64="d4NCzSBrwPTWlMI2V3z6 t2bB1QY=">AAACfnicbZHdThNBFMdPFxRcv0AuvZnY1GCCdZcbuTECSvACTFELmNKQs9PTMuns7GbmrKHZ9 Am81SfgYXgE49sw2xIDxZNM8s/vfM9Jcq0cR9HfWjA3f+/+wuKD8OGjx0+eLi0/O3RZYSW1ZaYze5ygI60 MtVmxpuPcEqaJpqNk+KHyH/0g61RmvvEop26KA6P6SiJ7dPD5dKkeNaOJibsivhb195fhu/ziT9g6Xa4NTn qZLFIyLDU614mjnLslWlZS0zg8KRzlKIc4oI6XBlNy3XIy6Vg0POmJfmb9Mywm9GZGialzozTxkSnymZv1V fB/vk7B/Y1uqUxeMBk5bdQvtOBMVGuLnrIkWY+8QGmVn1XIM7Qo2X9O2BD730Xry87W/vbeTti42XTSKic 5vo3PC6Nk1qNZrPmcLVbUEaeoTLVnuWUV6n/QF6zo6kc1UOzW9vwpzNquJRq+KneV1uIrGjcO/Wni2UPcFY frzThqxgdRfXMbprYIz+EFrEIMb2ETPkEL2iCB4Cf8gt8BBC+D18GbaWhQu85ZgVsWbFwBBEzEfA==</lat exit><latexit sha1_base64="d4NCzSBrwPTWlMI2V3z6 t2bB1QY=">AAACfnicbZHdThNBFMdPFxRcv0AuvZnY1GCCdZcbuTECSvACTFELmNKQs9PTMuns7GbmrKHZ9 Am81SfgYXgE49sw2xIDxZNM8s/vfM9Jcq0cR9HfWjA3f+/+wuKD8OGjx0+eLi0/O3RZYSW1ZaYze5ygI60 MtVmxpuPcEqaJpqNk+KHyH/0g61RmvvEop26KA6P6SiJ7dPD5dKkeNaOJibsivhb195fhu/ziT9g6Xa4NTn qZLFIyLDU614mjnLslWlZS0zg8KRzlKIc4oI6XBlNy3XIy6Vg0POmJfmb9Mywm9GZGialzozTxkSnymZv1V fB/vk7B/Y1uqUxeMBk5bdQvtOBMVGuLnrIkWY+8QGmVn1XIM7Qo2X9O2BD730Xry87W/vbeTti42XTSKic 5vo3PC6Nk1qNZrPmcLVbUEaeoTLVnuWUV6n/QF6zo6kc1UOzW9vwpzNquJRq+KneV1uIrGjcO/Wni2UPcFY frzThqxgdRfXMbprYIz+EFrEIMb2ETPkEL2iCB4Cf8gt8BBC+D18GbaWhQu85ZgVsWbFwBBEzEfA==</lat exit><latexit sha1_base64="klOCIbhpt7IVtxCpgqkK TSqOSao=">AAACfnicbZHBThsxEIYnW9rSpS3QHnuxiIKoRMMul3IEWgQHqEIhQBUiNOtMghWvd2XPVkSrP EGv5eF4G7whqiB0JEu/vhl7ZvwnuVaOo+iuFryYe/nq9fybcOHtu/eLS8sfzlxWWEltmenMXiToSCtDbVa s6SK3hGmi6TwZfqvy57/JOpWZUx7l1E1xYFRfSWSPjn9cLdWjZjQJ8VzEU1GHabSulmuDy14mi5QMS43Ode Io526JlpXUNA4vC0c5yiEOqOOlwZRct5xMOhYNT3qin1l/DIsJfXyjxNS5UZr4yhT52s3mKvi/XKfg/la3V CYvmIx8aNQvtOBMVGuLnrIkWY+8QGmVn1XIa7Qo2X9O2BBHv0Tr597O0e7hXth43HTSKic5fopvCqNk1qN ZrPmGLVbUEaeoTLVnuWMV6n/QP1jRte9qoNitH3orzPq+JRp+LveV1uIEjRuH3pp41ojn4myzGUfN+Diqb+ 9OTZqHT7ACaxDDV9iGA2hBGyQQ/IG/cBtAsBp8CTYeSoPa9M5HeBLB1j27QsE7</latexit>
hµ
" E
i 
hµ
# E
i[e
A˚
]
<latexit sha1_base64="mWDyqucLNNBTEAsSz7F7doBxc1Y="></latexit><latexit sha1_base64="Ri00Zl4uKXLaVlleRVzsQuEB3A8="></latexit><latexit sha1_base64="Ri00Zl4uKXLaVlleRVzsQuEB3A8="></latexit><latexit sha1_base64="Jroft3fLNySGJIQe9QvARWipp2E="></latexit>
(d)
<latexit sha1_base 64="ujd24+sqtFpxRCbcCGQKR/1KuGI=">A AACh3icbZHbbhMxEIYny6kNpxYuubFaRUpF FXa5gF42hapctFI4pC0kUTXrnaRWvN6VPYs SrfYtuAXxWrwN3qRCbcpIln59M/bM+I9zrR yH4Z9GcOfuvfsP1tabDx89fvJ0Y/PZqcsKK 6kvM53Z8xgdaWWoz4o1neeWMI01ncXTd3X+ 7DtZpzLzhec5jVKcGDVWEtmjb0OmGZftZKe 62NgOO+EixG0RXYnt/a3hy98A0LvYbEyGSS aLlAxLjc4NojDnUYmWldRUNYeFoxzlFCc08 NJgSm5ULkauRMuTRIwz649hsaDXb5SYOjdP Y1+ZIl+61VwN/5cbFDzeG5XK5AWTkctG40I LzkS9v0iUJcl67gVKq/ysQl6iRcn+l5otcf JV9D4ddk8Ojg+bretNF61yktVNPCuMkllCq 1jzjC3W1BGnqEy9Z9m1CvU/6B+safu9mih2 u8feE7N7ZImmO+WR0lp8RuOqprcmWjXitjh 93YnCTvTRe3QAy1iDF7AFbYjgLezDB+hBHy QY+AE/4VewHrwK3gR7y9KgcXXnOdyIoPsXc zfGng==</latexit><latexit sha1_base 64="bp+UzJ+RISzFTAY8ygaJ28Mcgw8=">A AACh3icbZHPTttAEMY3bmnBpQXaI5cVKFJQ UWr30HJMaBE9gJS2hD9NIjReT8Iq67W1O64 SWX4LrvBevA3rBFUQOtJKn34zuzOzX5QpaS kI7mrei5dLr14vr/hvVt++W1vfeH9q09wI7 IpUpeY8AotKauySJIXnmUFIIoVn0fhblT/7 i8bKVJ/QNMNBAiMth1IAOfSnTzihohHvlJf r20EzmAV/LsIHsd3a6n+8vmtNO5cbtVE/Tk WeoCahwNpeGGQ0KMCQFApLv59bzECMYYQ9J zUkaAfFbOSS1x2J+TA17mjiM/r4RgGJtdMk cpUJ0JVdzFXwf7leTsO9QSF1lhNqMW80zBW nlFf781gaFKSmToAw0s3KxRUYEOR+ya/z4w ve+XXQPt4/OvDrj5vOWmUoyqd4kmsp0hgXs aIJGaioRUpA6mrPom0kqH/QPVjRxnc5kmR3 j5wnevfQII53ikOpFP8N2pa+syZcNOK5OP3 cDINm+NN5tM/mscw22RZrsJB9ZS32g3VYlw mm2TW7YbfeivfJ++LtzUu92sOdD+xJeO17Y TTIJA==</latexit><latexit sha1_base 64="bp+UzJ+RISzFTAY8ygaJ28Mcgw8=">A AACh3icbZHPTttAEMY3bmnBpQXaI5cVKFJQ UWr30HJMaBE9gJS2hD9NIjReT8Iq67W1O64 SWX4LrvBevA3rBFUQOtJKn34zuzOzX5QpaS kI7mrei5dLr14vr/hvVt++W1vfeH9q09wI7 IpUpeY8AotKauySJIXnmUFIIoVn0fhblT/7 i8bKVJ/QNMNBAiMth1IAOfSnTzihohHvlJf r20EzmAV/LsIHsd3a6n+8vmtNO5cbtVE/Tk WeoCahwNpeGGQ0KMCQFApLv59bzECMYYQ9J zUkaAfFbOSS1x2J+TA17mjiM/r4RgGJtdMk cpUJ0JVdzFXwf7leTsO9QSF1lhNqMW80zBW nlFf781gaFKSmToAw0s3KxRUYEOR+ya/z4w ve+XXQPt4/OvDrj5vOWmUoyqd4kmsp0hgXs aIJGaioRUpA6mrPom0kqH/QPVjRxnc5kmR3 j5wnevfQII53ikOpFP8N2pa+syZcNOK5OP3 cDINm+NN5tM/mscw22RZrsJB9ZS32g3VYlw mm2TW7YbfeivfJ++LtzUu92sOdD+xJeO17Y TTIJA==</latexit><latexit sha1_base 64="CksVrHL8+KD9BUJhviLFEVtn9Hw=">A AACh3icbZFRT9swEMfdjG0Q2IDtcS/WqkpF Ql3CA+ORsiF4AKkbFNjaCl2ca7HqOJF9mVp F+Ra8su/Ft5lTKgRlJ1n663dn353/UaakpS C4r3mvll6/ebu84q+uvXu/vrH54cKmuRHYF alKzVUEFpXU2CVJCq8yg5BECi+j8bcqf/kH jZWpPqdphoMERloOpQBy6HefcEJFM94qrzf qQSuYBX8pwrmos3l0rjdro36cijxBTUKBtb 0wyGhQgCEpFJZ+P7eYgRjDCHtOakjQDorZy CVvOBLzYWrc0cRn9OmNAhJrp0nkKhOgG7uY q+D/cr2chnuDQuosJ9TiodEwV5xSXu3PY2l QkJo6AcJINysXN2BAkPslv8FPf/HOz8P26c HJod942nTWKkNRPseTXEuRxriIFU3IQEUtU gJSV3sWbSNBPUL3YEWb3+VIkt0+cZ7o7SOD ON4qjqRS/Ay0LX1nTbhoxEtxsdMKg1b4I6j vH8xNWmaf2GfWZCH7yvbZMeuwLhNMs1t2x/ 56K94Xb9fbeyj1avM7H9mz8Nr/AHpjxRU=< /latexit>
FIG. 11. Spin-up and -down subband edge energies Es1|N at
valley τ = +, measured with respect to the Fermi level, for
(a) five-layer and (b) six-layer WSe2, as a function of electron
density ρe. The potential profiles across the TMD film were
determined self-consistently for a temperature of T = 10 K for
a single (positive) back gate. In both panels, left and right
insets show the spin-up and -down charge distributions for
ρe → 0 and for finite ρe, respectively. (c) Corresponding gate-
doping-induced spin splittings at valley τ = +. (d) Imbalance
between the zˆ-axis electric dipole moments of the spin-up and
-down subband edges for ρe → 0.
FIG. 12. (a) Energy spacings between the first and nth con-
duction subbands (n = 2 to 5) for the four TMDs, as functions
of the number of layers N . The solid lines in each panel cor-
responds to Eq. (31) for the main transition between the first
and second subbands using the DFT bulk parameters, show-
ing good agreement between the HkpTB model and DFT.
Parameters ν0 and ν1, fitted for N ≥ 4, are given for the
four TMDs in their corresponding panels. Blue (red) points
and solid lines in each panel represent spin-down (-up) po-
larized subband spacings and fittings. Black points and solid
line correspond to subband spacings for even N layers, where
subbands are spin degenerate. (b) Lowest spin-up and -down
subband transition as a function of total electron doping, for
film thicknesses N = 2 to 6 layers. The number of layers N
corresponding to each pair of curves is indicated on the right.
For two layers, the doping level shifts the spin-up (spin-down)
transition energy upward (downward) in energy, following a
linear trend within for moderate doping levels. For N > 2
non-linear effects begin to appear already for weak doping,
and the splitting of the spin-up and -down transitions is in-
verted with respect to N = 2.
We used Eqs. (31) and (32) to determine the bound-
ary parameters ν0 and ν1 for each of the considered
TMDs (MoS2: ν0 = 0.82, ν1 = −0.016, MoSe2: ν0 =
0.76, ν1 = −0.0055, WS2: ν0 = 0.80, ν1 = −0.0031,
WSe2: ν0 = 0.72, ν1 = −0.028). The results are shown
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with solid lines in Fig. 12. In the absence of an electric
field, the energy splitting between the lowest two spin po-
larized transitions is of order few meV for the four TMDs.
However, this splitting is enhanced by electron doping,
as shown in Fig. 12(b) for two- to six-layer films of all
four TMDs. For N = 2, the spin-up (-down) transition
energy grows (decreases) linearly with the doping level
for small electron densities. The opposite trend is found
for N = 3 to 6, where the spin-up subband transition
appears at lower energy, and non-linear effects begin to
appear already for low electron doping. We conclude that
the electron doping level can be used as an additional tun-
able parameter to modify the energies and degeneracies
of the lowest optical transitions in 2H-TMDs.
Next, we use the model developed above for electron
subbands to study intersubband optical transitions, in-
tersubband electron-phonon relaxation, and the inter-
subband absorption line shapes for IR/FIR light. As
discussed in Sec. III B, the optical transition amplitude
between two given subbands n, n′ is determined by the
out-of-plane dipole moment
dn,n
′
τ,s;z(k) =e〈n, s; τ,k|z|n′, s; τ,k〉
= e
N∑
j=1
zjC
τ,s∗
n,j (k)C
τ,s
n′,j(k),
(33)
where N is the total number of layers, zj denotes the z
coordinate of layer j, and Cτ,sn,j(k) are the components
of the nth subband eigenstate of spin projection s and
valley quantum number τ . The calculated dipole moment
matrix element as a function of number of layers for the
first two intersubband transitions is plotted in Fig. 13.
Similarly to the valence subbands case, optical tran-
sitions in films with odd number of layers N are al-
lowed only between states with opposite-parity subband
indices, corresponding to opposite parity under σh trans-
formation. The spin-orbit splitting present for odd N re-
sults in a spin selection rule, allowing transitions only be-
tween subbands with the same out-of-plane spin projec-
tion s. For even N , where σh symmetry is absent, transi-
tions between subbands with same-parity indices are al-
lowed. This is in contrast to the VB at the Γ point, and is
a consequence of the multiple-valley structure of the CB,
which makes it possible to form degenerate even and odd
(under inversion) combinations of states, giving a finite
dipole moment, as shown in Fig. 13 for the first two in-
tersubband transitions, considering both spin-down and
-up polarized subbands. This makes 1|N → 2|N transi-
tion the dominant feature in the IR/FIR absorption by
thin n-doped TMD films.
Similarly to the holes in p-doped TMDs, the line shape
of the electron intersubband absorption in n-doped films
is also affected by the difference between the effective
masses of subbands 1|N and 2|N . However, in contrast to
the case of holes, for electrons the line shapes depend also
on the relative in-plane wave vectors of the conduction
subband minima, as well as the anisotropic subband dis-
persions. The resulting broadening for N -layer 2H-MX2
d
z
/e
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FIG. 13. Out-of-plane dipole moment matrix elements for the
first two conduction intersubband transitions, 1 → 2 (solid
line) and 1→ 3 (dashed line). Transitions between spin-down
(-up) subbands are shown in blue (red).
films at room temperature, obtained numerically from
the calculated line shapes, is shown in Fig. 14(a). Our
calculations show that the aforementioned DOS broaden-
ing factors result in a typically larger broadening, which
spreads the absorption spectrum towards both lower and
higher energies from the main transition.
C. Electron-phonon relaxation and
room-temperature absorption spectra in n-doped
TMD films
The phonon-induced broadening for conduction sub-
bands m and n, generated by intrasubband and inter-
subband relaxation, is accounted for by
γτ,sn,m = 2pi
∑
µ,q,j
∣∣∣∣∣∑
i
gj,iµ (q)C
τ,s∗
n,i (κ
τ,s
m xˆ+ q)C
τ,s
m,i(κ
τ,s
m xˆ)
∣∣∣∣∣
2
× {[1 + nT (~ωµ)]δ [Em(κτ,sm xˆ)− En(κτ,sm xˆ+ q)− ~ωµ]
+δnmnT (~ωµ)δ [Em(κτ,sm xˆ)− Em(κτ,sm xˆ+ q) + ~ωµ]} ,
(34)
where κτ,sm is the subband edge offset from the Q point
of subband m with spin projection s, and gj,iµ are the
electron-phonon couplings for the three phonon modes
µ= HP, LO, and ZO given in Eq. (16), with Dv replaced
by Dc for the HP phonon. The first term in Eq. (34)
describes intersubband relaxation due to phonon emis-
sion, whereas the second describes intrasubband phonon
absorption in the excited subband. The phonon in-
duced broadening for the four TMDs obtained using
the electron-phonon coupling parameters in Table III
are shown in Fig. 14(b). The dominant contribution
comes from intersubband relaxation due to HP and LO
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FIG. 14. (a) Absorption line widths for CB subbands at
room temperature (T = 300 K) as a function of number of
layers for the four TMDs, considering only DOS broaden-
ing. (b) Phonon-induced broadening at room temperature
(T = 300 K) due to intersubband emission and intrasubband
absorption of optical phonons in modes (top to bottom) HP,
LO and ZO. Results are shown for the four TMDs as a func-
tion of number of layers N , with the total broadening shown
in the bottom panel.
phonon modes, with a smaller contribution from the ther-
mally suppressed intrasubband absorption. The large HP
phonon deformation potential at the Q point, as com-
pared to its value at the Γ point [45], in particular for
MoS2 and MoSe2 (see Table III), results in a large con-
tribution to the broadening. Additional differences be-
tween the phonon-induced broadenings for the conduc-
tion and valence subbands originate from the different
intersubband spacings as a function of number of lay-
ers (Figs. 5 and 12), and different dispersions (Figs. 4
and 10). As in the valence subbands case, the phonon
broadening is most significant for MoSe2 due to stronger
electron-phonon coupling.
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FIG. 15. Optical absorption lines for N = 2-5 layers of lightly
n-doped MoS2,MoSe2,WS2, and WSe2, taking into account
intrinsic broadening at room temperature (T = 300 K). In
the case of odd N , lines corresponding to different subband
spin projections are summed.
The absorption spectra of n-doped TMD films calcu-
lated using Fermi’s golden rule, as in Eq. (18), and taking
the discussions of Secs. IV A, IV B, and IV C into account,
are shown in Fig. 15 for N = 2 to 5 layers. The predicted
absorption spectra for the four TMDs are seen to be more
symmetric than those for the holes, primarily due to the
effect of different dispersions in consecutive subbands,
here aggravated by the shifts κτ,sn|N and the BZ position
of the subbands minima, in addition to the difference be-
tween the in-plane subband effective masses. The large
SO splitting between the middle two subbands for N = 3
results in two distinct lines, whereas for N = 5 the spin-
polarized subbands are nearly degenerate, resulting in
the overlap of the two lines and giving a combined line
with twice the amplitude.
V. CONCLUSIONS
We have presented hybrid k·p tight-binding models
for the conduction and valence band edges of multilayer
TMDs, capable of reproducing the rich low-energy sub-
band dispersions, and allowing us to describe the inter-
subband optical transitions when coupled to out-of-plane
polarized light. In particular, we find the following:
• The subbands at the CB edge are found near the
Q valleys of the Brillouin zone, whereas the valence
band edge is found at the Γ point. The main dif-
ferences between the two sets of subbands are due
to the significant spin-orbit splitting, multi-valley
structure, and anisotropic dispersions of the con-
duction subbands, by contrast to the valence sub-
bands. These differences manifest themselves in
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the absorption line shapes and additional selection
rules, particularly for odd number of layers, where
spin-orbit splitting is present.
• The four studied TMDs were found to have main
intersubband transition energies for the conduc-
tion and valence subbands, which densely cover the
spectrum range of wavelengths from λ = 2 µm to
30 µm (~ω = 40 to 700 meV), for N = 2 to 7 lay-
ers. This allows tailoring structures of a specific
material, appropriate type of doping, and number
of layers for a particular device application, from
IR to the THz range.
• Two contributions to the absorption line-shape
broadening are identified. The first, broadening
due to intersubband phonon relaxation, is found to
produce a meV limit to the intersubband linewidth.
This is in contrast to III-V quantum wells, where
phonon broadening is found to be more damaging
to the intersubband transition line quality factor
[30]. A second, elastic contribution to the line
broadening caused by the different 2D masses of
carriers in consecutive subbands yields a thermal
broadening of the order of kBT . Similarly to inho-
mogeneous broadening, this effect can be reduced
by coupling the transition in the film to a standing
wave of light in a high-Q resonator.
Finally, we propose a specific design of van der Waals
multilayer structure utilizing the intersubband transi-
tions in atomically-thin films of TMDs. The sketch
in Fig. 16 depicts the band configuration of a few-
layer transition-metal dichalcogenide film, encapsulated
by hexagonal boron nitride (hBN) and placed between
two graphene electrodes. Applying a bias (and possibly
also gate) voltage between the two electrodes results in
a shift of the Dirac points relative to each other, and al-
lows for the alignment of the Dirac point of the “top”
graphene electrode with the lower-energy subband in the
TMD, while keeping the Fermi level in graphene above
the higher-energy subband. The carriers can then tun-
nel from the graphene electrode into the higher-energy
subband. Once in the excited subband state, the carrier
can undergo an intersubband transition, emitting light
polarized in the out-of-plane direction, followed by tun-
neling to the second graphene electrode from the bottom
subband state.
A potentially more favorable realization of the above
process which avoids carrier loss directly from the sec-
ond subband, or carrier tunneling into the bottom sub-
band, involves using ABC-stacked few-layer graphene.
The band structure of ABC few-layer graphene has a Van
Hove singularity in its density of states at the edge be-
tween conduction and valence bands. Aligning the Van
Hove singularities of two such electrodes with the sec-
ond and first subbands, respectively, would enable one
to achieve preferential injection and extraction of carri-
ers into/from the TMD film, thus offering a new way to
produce functional optical fiber cables.
(a)
(b)
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FIG. 16. Proposed device application for intersubband tran-
sitions in few-layer TMDs. (a) Few-layer TMDs encapsulated
between two hexagonal boron nitride (hBN) crystals and two
graphene (G) electrodes with an applied bias voltage between
them. The applied bias voltage allows to realize light emis-
sion through intersubband transitions in the few-layer TMD
system, by carriers tunneling between the two graphene elec-
trodes. (b) An alternative realization using few-layer ABC-
stacked graphene instead of monolayer, utilizing the Van Hove
singularity in the density of states. The bias voltage aligns
the Van Hove singularities near the second and first subbands,
making the desired emission process more favorable.
The proposed “LEGO”-type design of IR/THz emit-
ting materials has potential for implementation as part
of a composite optical fiber, where the coupling to the
out-of-plane polarized photon would be supported by the
wave-guide mode.
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Appendix A: Symmetry constraints for the bilayer
Hamiltonians
For N = 2 (bilayer), the Hamiltonian must be invari-
ant under spatial inversion P, x→ −x mirror symmetry
D(σv), and time reversal T . For the conduction-band
model about the Q point, this gives the conditions [49]
PHτ2 (k)P−1 = H−τ2 (−k) (A1a)
D(σv)Hτ2 (kx, ky)D−1(σv) = H−τ2 (−kx, ky) (A1b)
T Hτ2 (k)T −1 = H−τ2 (−k). (A1c)
We have P = pi1s0, D(σv) = pi0s1 and T2 = −ipi0s2C,
where pij (sj) are Pauli matrices acting on the layer (spin)
subspace, and C represents complex conjugation. As a re-
sult, the most general valley-spin structure for the bilayer
Hamiltonian at the τQ valley is
Hτ2 (k) =
3∑
i,j=0
Aτij(k)piisj , (A2)
where the symmetry constraints (A1a)-(A1c) require that
Aτi0(kx, ky) = A
−τ
i0 (−kx, ky) = Aτi0(kx,−ky), i = 0, 1,
(A3a)
Aτ20(kx, ky) = A
−τ
20 (−kx, ky) = −Aτ20(kx,−ky), (A3b)
Aτ31(kx, ky) = A
−τ
31 (−kx, ky) = −Aτ31(kx,−ky), (A3c)
Aτ32(kx, ky) = −A−τ32 (−kx, ky) = Aτ32(kx,−ky), (A3d)
Aτ33(kx, ky) = −A−τ33 (−kx, ky) = Aτ33(kx,−ky). (A3e)
One can check that, for N = 2, Eq. (20) corresponds
to Aτ00(k) =
E+↑ (k)+E
+
↓ (k)
2 , A
τ
33(k) = τ
E+↑ (k)−E+↓ (k)
2 ,
Aτ10(k) = t0 + τt1kx + t2k
2
x + u2k
2
y and A
τ
20(k) = −u1ky,
and that these terms meet the symmetry requirements.
Furthermore, we carried out fittings to DFT data us-
ing the additional spin-orbit terms Aτ32(k) = αkx and
Aτ31(k) = βky. The fittings give |α|, |β|, |u1|  |t1|;
hence, we conclude that these terms can be neglected.
For the interlayer hopping used in the HkpTB model
for the valence band near Γ, setting N = 2 in Eq. (3)
and using a basis ordering similar to that of Eq. (5), we
have T = pi0σ0C, P = pi1σ3 and D(σv) = pi0σ0, where
σi act on the band (v and w) subspace. The symmetry
conditions require
Re tσ(k) = Re tσ(−k) = Re tσ(−kx, ky), (A4a)
Im tσ(k) = −Im tσ(−k) = Im tσ(−kx, ky), (A4b)
tvw(k) = tvw(−k) = tvw(−kx, ky), tvw ∈ R. (A4c)
Appendix B: Spin-orbit-coupling induced interband
coupling at the Γ point valence bands
Here, we analyze the role of spin-orbit coupling and
coupling to distant bands in determining parameters for
the valence-band HkpTB model.
The spin-orbit coupling is given by HˆSO = λLˆ·Sˆ, where
Lˆ and Sˆ are the orbital and spin angular momentum
operators. This can also be written in terms of the ladder
operators L± = Lx ± iLy and S± = (Sx ± iSy)/2 as
HˆSO = λ(LzSz + L+S− + L−S+), (B1)
whereL±S∓ describe a spin flip with corresponding
change in orbital angular momentum projection. These
terms couple the v and w bands with the bands v1 and
v3 [Fig. 2(d)], which in the absence of SO coupling are
doubly degenerate. Band v1 (E
′′ Irrep of C3d) has ba-
sis functions which are odd under z → −z (metal d±1
orbitals being the dominant component [27], as well as
chalcogen p±1). Band v3 (E′ Irrep of C3d) has basis
functions even under z → −z (metal d±2 orbitals and
chalcogen p±1). Including SO coupling results in the
splitting of these bands into new bands denoted by the
orbital and spin angular momentum projections along
zˆ, v1(±3/2), v3(±3/2), and v1(±1/2), v3(±1/2), corre-
sponding to total angular momentum projections of Jz =
±3/2 and Jz = ±1/2, respectively.
The v-band belongs to the one-dimensional A′1 Irrep
(even under z → −z, with metal d0 dominant and chalco-
gen p0), and has Lz = 0 and sz = ±1/2. Similarly, the
w-band belongs to the one-dimensional A′′2 Irrep, and is
dominated by the odd (under z → −z) chalcogen p0 or-
bitals, giving two states with Lz = 0 and sz = ±1/2.
Therefore, in the bilayer, where z → −z symmetry is
broken, the v and w-bands can couple to v1 and v3 bands,
with the appropriate spin-flip terms. In the second-order
perturbation theory, this coupling produces corrections
to the on-site energy
δσ =
∑
Lz,sz
i=1,3
σ=v,w
|〈vi(Lz, sz)|λL±S∓|σ(Lz = 0, sz = ±1/2)〉|2
Eσ − Evi(Lz,sz)
.
(B2)
Note that these corrections are the same for both spin
components of the v or w bands, with only one of the
terms L±S∓ contributing for a given spin state.
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An additional SO induced interband coupling with a
spin-flip may be present in the multilayer case, affecting
the interlayer coupling
Hˆ ′SO = µzˆ · (k× S) = iµ(S−k+ − S+k−), (B3)
where the pre-factor µ is related to the gradient of the
interlayer pseudo-potential µ ∝ ∂zV , and we defined
k± = kx ± iky. In contrast to the previous coupling,
this coupling has a k-dependence, which affects the dis-
persions. The coupling in Eq. (B3) is odd under spatial
inversion. Due to the 2H-stacked bilayer having spatial
inversion symmetry, the coupling is non-zero only be-
tween different bands in the two layers. In second-order
perturbation theory, we get a nominal redefinition of the
2D mass used in the HkpTB model, by adding the term
µσ(k) =
∑
vi
σ=v,w
|〈vi|µS∓k±|σ〉|2
Eσ − Evi
= µσk
2, (B4)
with µσ a fitting parameter.
Appendix C: Spin-split bands at the Brillouin zone
edge for odd number of layers
The effective Q-point Hamiltonians HτNQ(k) for N odd
can be split into two decoupled blocks of different spin
projection as HτNQ(k) = diag{hτ,↑N (k), hτ,↓N (k)}, where
the blocks have the alternating N ×N matrix form
hτ,sN (k) =

ε0(k) + sτ∆(k) tτ (k) 0 0 · · · 0
t∗τ (k) ε0(k)− sτ∆(k) t∗τ (k) 0 · · · 0
0 tτ (k) ε0(k) + sτ∆(k) tτ (k) · · · 0
0 0 t∗τ (k) ε0(k)− sτ∆(k) · · · 0
...
...
...
...
. . . tτ (k)
0 0 0 · · · t∗τ (k) ε0(k) + sτ∆(k)
 , (C1)
and we have defined
ε0(k) =
E+↑ (k)+E
+
↓ (k)
2 , (C2a)
∆(k) =
E+↑ (k)−E+↓ (k)
2 . (C2b)
Defining the even-dimensional (N − 1)× (N − 1) matrix
h˜τ,sN−1(k) =

ε0(k)− sτ∆(k) t∗τ (k) 0 · · · 0
tτ (k) ε0(k) + sτ∆(k) tτ (k) · · · 0
0 t∗τ (k) ε0(k)− sτ∆(k) · · · 0
...
...
...
. . . tτ (k)
0 0 · · · t∗τ (k) ε0(k) + sτ∆(k)
 , (C3)
the eigenvalues ε of (C1) are given by a secular equation
det {ε− hτ,sN } = [ε− ε0(k)− sτ∆(k)] det {ε− h˜τ,sN−1}
− |tτ (k)|2 det {ε− hτ,sN−2}
= [ε− ε0(k)− sτ∆(k)] det {ε− h˜τ,sN−1}
− |tτ (k)|2
(
[ε− ε0(k)− sτ∆(k)] det {ε− h˜τ,sN−3}
− |tτ (k)|2 det {ε− hτ,sN−4}
)
= · · · .
(C4)
Using the fact that det {ε− hτ,s1 } = ε− ε0(k)− sτ∆(k),
we can continue expanding Eq. (C4) to obtain
det {ε− hτ,sN } = [ε− ε0(k)− sτ∆(k)]
×
( N−3
2∑
m=0
(−1)m |tτ (k)|2m det {ε− h˜N−(2m+1)}
+ (−1)N−12 |tτ (k)|N−1
)
,
(C5)
which explicitly shows that [ε − ε0(k) − sτ∆(k)] is an
overall factor, and thus ε = ε0(k) + sτ∆(k) ≡ ετs (k) is
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always an eigenvalue, regardless of the (odd) value of N .
For a given τ , the different s quantum numbers give two
spin-split monolayer dispersions ετs (k) about the τC
m
3 Q
(m = 0, 1, 2) points, corresponding to the features ob-
served in Fig. 10. The fact that this prediction is verified
in the DFT band structures clearly confirms the validity
of our hybrid model.
For large odd N , nearly spin-degenerate bands grow
denser on either side of the spin-split bands ετs (k) without
crossing them, as shown in Fig. 17(a). The reason for this
becomes clear when we take the bulk limit, and find that
the spin-split states form the band edges around a central
gap in the subband structure. This is shown in Fig. 17(b).
Indeed, in the limit of large N the Hamiltonian (C1)
corresponds to the bulk Hamiltonian at kz = pi/c, since
ε0(k) = ε0(k, kz =
pi
c ) [see Eq. (23)].
ky = 0(a)
(b)
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FIG. 17. (a) Subband structure of 101-layer WS2 near τQ
(kx = 0), along the ΓK line. Spin-up (-down) bands are
shown with solid (dashed) curves. The spin-split bands ετs (k),
pinned in the middle of the odd N subband structure, are
shown in blue and red. (b) Bulk band structure for WS2
along the 3D BZ line indicated in the inset of Fig. 9. Blue
and red dots mark the position of the spin-split bands in the
Brillouin zone.
Appendix D: Electron-phonon coupling for LO
phonon in multilayer system
In this appendix, we derive the expression used for the
electron-phonon coupling with LO phonon in a multilayer
system. As described in the text, we treat the LO phonon
in each layer as independent and degenerate. However, in
the LO phonon case, the generated electrostatic potential
due LO phonon in one layer interacts with the electrons
in all the other layers in the system, following similar
steps as in Ref. [50].
Within a monolayer, the LO phonon-induced in-plane
polarization is given by its in-plane Fourier component,
Pq(z) =
eZ
(q)A
uqδ(z), (D1)
where Z is the Born effective charge on the metal and
chalcogens, A is the unit-cell area, uq =
√
~
2MrNcellωLO
eˆ
is the phonon-induced atomic displacement in the direc-
tion connecting the metal and chalcogens in the unit cell,
withMr the reduced mass of the metal and chalcogens, N
the number of unit cells in the sample, and ωLO the LO
phonon frequency. (q) is the dielectric function char-
acterizing the response of the material to the phonon
induced electric field.
The induced charge density in the layer is given by
ρ = −∇ ·P, with the Fourier component
ρq = −iq · Pq. (D2)
The potential resulting from the charge distribution
is given by Poisson’s equation ∇2φ = −4piρ. Fourier-
transforming in three dimensions gives,
φq(k) =
−4piieZ
(q)A
q · uq
q2 + k2
, (D3)
where k is the Fourier parameter in the z direction. In-
verse Fourier transforming in k gives the z dependence
of the potential with in-plane Fourier component q
φq(z) = −i2pieZuq
(q)A
e−q|z|. (D4)
The electron-phonon coupling for an electron localized
in an isolated monolayer is given by g(q) = eφq(0) =
−i 2pie2ZuqA . This form of the coupling is similar to the
form derived in Refs. [28 and 43], where the polarizability
of a two-dimensional dielectric was taken into account
by the replacement (q)→ 1 + r∗q, with r∗ the screening
length in the material. For multilayer 2H-stacked TMDs,
as the polarization in subsequent layers alternates in its
sign, the resulting electrostatic potential also alternates
in its sign.
Appendix E: Electron-phonon coupling for ZO
phonon in multilayer system
The atomic vibrations for the ZO optical phonon mode
result in a polarization in the out-of-plane direction due
to the opposite motions of the metal and two chalcogens,
and the finite Born effective charges in the z-direction.
The interaction energy in the multilayer system between
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charges and phonon-induced out-of-plane polarizations in
all layers is given by [51]
Eint =
∑
n,m
∫
d2rd2r′
ρn(r)Pz,m(r
′)d(n−m)
∆r3
,
∆r = [(r− r′)2 + d2(n−m)2]1/2,
(E1)
where ρn(r) is the charge density on layer n, Pz,m(r
′) is
the out of plane polarization in layer m caused by the
ZO optical phonon, d the interlayer separation, and we
sum over all layer pairs. Fourier transforming the charge
density and polarization in the in-plane momentum com-
ponents gives
ρn(r) =
∫
d2q
(2pi)2
eiq·rρm(q), (E2)
and similarly for the polarization. The interaction energy
then takes the form,
Eint =
∑
n,m
∫
d2rd2r′
d(n−m)
∆r3
×
∫
d2qd2q′
(2pi)4
eiq·reiq
′·r′ρn(q)Pz,m(q′).
(E3)
Defining the new variables r˜ = r − r′, R = r + r′, and
integrating over R gives δq,−q′ ,
Ee-ph =
∑
n,m
∫
d2r˜
∫
d2q
(2pi)2
d(n−m)
∆r˜3
eiq·r˜
× ρ∗n(q)Pz,m(q),
(E4)
where in the last row we used ρ∗n(q) = ρn(−q), since the
density is real. Carrying out the integration over r˜ gives
Ee-ph =
′∑
n,m
2pi(n−m)
|n−m|
∫
d2q
(2pi)2
e−qd|n−m|ρ∗n(q)Pz,m(q),
(E5)
where the prime over the sum means that the summation
excludes the term with n = m. Quantizing the phonon
polarization and the carrier density gives
ρ∗n(q) = e
∑
k
c†k,nck+q,n,
Pz,m(q) =
eZz
A
√
~
2NcellMrω
(a−q,m + a†q,m),
(E6)
where ck,n (c
†
k,n) is the annihilation (creation) operator
for an electron in state k in layer n, and aq,m (a
†
q,m) is
the annihilation (creation) operator for a phonon with in-
plane wave vector q. The phonon-induced polarization
is given, similarly to the LO phonon case, by the Born
effective charge and the phonon displacement.
The electron-phonon interaction Hamiltonian is then
given by
He-ph =
2pie2Zz
A
√
~
2NcellMrωZO
′∑
n,m
∑
k,q
n−m
|n−m|e
−qd|n−m|
× c†k,nck+q,n(a−q,m + a†q,m).
(E7)
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